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Introduction

Background

• Markov Chain Conditional probability (e.g. A → B → C):

P(A,B,C) = P(C|B)P(B|A)P(A)

P(B,C|A) = P(C|B)P(B|A)
(1)

• KL-Divergence for Gaussian distributions, where p = N (µ1, σ2
1) and q = N (µ2, σ2

2):

DKL(p∥q) = Ep[log
p
q ]

= log
σ2
σ1

+
σ2

1 + (µ1 − µ2)2

2σ2
2

− 1
2

(2)

• Renormalization: to sample x ∼ N (µ, σ2), where µ and σ are parameters, sample
z ∼ N (0, 1) then x := µ+ σz.
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Introduction Diffusion probabilistic models

Diffusion probabilistic models

• A generative model. Unsupervised or Self-supervised.
• ”Simultaneously achieves both flexibility and tractability”
• Tractable models: can be analytically evaluated (e.g. a Gaussian or Laplace);
are not for rich datasets;

• Flexible models: can be molded to fit structure in arbitrary data;
are not easy to analyze, and require Monte Carlo process.

• The first one (2015) is more abstract; Most subsequent works follow the DDPM
(2020).
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Introduction Relationship to other work

Relationship to other work: Generative models3

3Weng, “What are diffusion models?”
January 5th, 2023 6/37
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Introduction Relationship to other work

Relationship to other work: VAE

• Diffusion models: similar to VAE; let’s recall it.
• Single-layer VAE: x → z

p(x) =
∫

z
p(z)pθ(x|z) =

∫
z
qϕ(z|x)

p(z)pθ(x|z)
qϕ(z|x)

log p(x) = logEqϕ(z|x)[
p(z)pθ(x|z)

qϕ(z|x)
] ≥ Eqϕ(z|x)[log

p(z)pθ(x|z)
qϕ(z|x)

]

= Eqϕ(z|x)[log pθ(x|z)]− DKL(qϕ(z|x)∥p(z))

(3)

• Multi-layer VAE: x → z1 → ... → zn.
Replace z with (z1, ..., zn) and use Markov Chain Conditions.

January 5th, 2023 7/37
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Introduction Relationship to other work

Relationship to other work: VAE

Figure: Single-layer VAE

Figure: Multi-layer VAE
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Algorithm

Overview

The bottom row shows the drift term for the same reverse diffusion process.
January 5th, 2023 10/37
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Algorithm Forward Trajectory

Forward Trajectory

• Basic form (in 2015 paper): repeated application of a Markov diffusion kernel
Tπ(y|y′;β).

π(y) =
∫

y′
Tπ(y|y′;β)π(y′)

q(xt|xt−1) = Tπ(xt|xt−1;βt)

q(x1:T|x0) =
T∏

t=1
q(xt|xt−1)

(4)

• The kernel can be Gaussian or Binomial.

January 5th, 2023 11/37
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Algorithm Forward Trajectory

Forward Trajectory: in DDPM
• Gaussian and βt settings (in 2020 paper DDPM):

q(xt|xt−1) = N (xt;
√

1− βtxt−1, βtI) (5)

• The forward process variances βt can be learned by reparameterization or held
constant as hyperparameters. Usually: β1 < β2 < ... < βT.

• It admits sampling xt in closed form, where αt = 1− βt and ᾱt =
∏t

s=1 αs.

xt =
√
αtxt−1 +

√
1− αtϵt−1 ;where ϵt−1, ϵt−2, · · · ∼ N (0, I)

=
√
αtαt−1xt−2 +

√
1− αtαt−1ϵ̄t−2 ;where ϵ̄t−2 merges two Gaussians (*).

= . . .

=
√
ᾱtx0 +

√
1− ᾱtϵ

q(xt|x0) = N (xt;
√
ᾱtx0, (1− ᾱt)I)

(6)
January 5th, 2023 12/37
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Algorithm Reverse Trajectory

Reverse Trajectory

• The generative distribution will be trained to describe the same trajectory, but in
reverse:

p(xT) = π(xT)

pθ(x0:T) = p(xT)
T∏

t=1
pθ(xt−1|xt)

pθ(xt−1|xt) = N (xt−1;µθ(xt, t),Σθ(xt, t)) or B(xt−1; bθ(xt, t))

(7)

• For both Gaussian and binomial diffusion, for continuous diffusion (limit of small step
size β) the reversal of the diffusion process has an identical functional form as the
forward process (Feller, 1949)4.

• For all results in this (2015) paper, multi-layer perceptrons are used to define these
functions (µ,Σ, b).

4Feller, “On the theory of stochastic processes, with particular reference to applications”.
January 5th, 2023 13/37
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Algorithm Reverse Trajectory

Reverse Trajectory: DDPM
• DDPM (2020) gives the closed form of the reverse conditional probability:

q(xt−1|xt, x0) = N (xt−1; µ̃(xt, x0), β̃tI) (8)

• Remember: x0 = 1√
ᾱt
(xt −

√
1− ᾱtzt). We have:

µ̃t =
1

√
αt

(xt −
1− αt√
1− ᾱt

zt); β̃t =
1− ᾱt−1
1− ᾱt

βt (9)

January 5th, 2023 14/37
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Algorithm Log-Likelihood and Lower Bounds

the Negative Log-Likelihood

• Similar to VAE: add a KL-divergence

− log pθ(x0) ≤ − log pθ(x0) + DKL(q(x1:T|x0)∥pθ(x1:T|x0))

= − log pθ(x0) + Eq(x1:T|x0)[log
q(x1:T|x0)

pθ(x0:T)/pθ(x0)
]

= Eq(x1:T|x0)[log
q(x1:T|x0)

pθ(x0:T)
]

(10)

Then we can use the Variational Lower Bound to optimize the negative log-likelihood:

LVLB = Eq(x0:T)[log
q(x1:T|x0)

pθ(x0:T)
] ≥ Eq(x0)[− log pθ(x0)] = LCE (11)

• If we use Jensen’s inequality we can get the same result.

January 5th, 2023 15/37
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Algorithm Log-Likelihood and Lower Bounds

Lower bound on log-likelihood (2015)

• Result:

K =−
T∑

t=2
Eq(x0,xt)[DKL(q(xt−1|xt, x0)∥pθ(xt−1|xt))]

+ Hq(XT|X0)− Hq(X1|X0)− Hp(XT)

K <=− LCE

(12)

• Training consists of finding the reverse Markov transitions which maximize this lower
bound on the log-likelihood:

p̂θ(xt−1|xt) = arg max
pθ(xt−1|xt)

K (13)

January 5th, 2023 16/37
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Algorithm Log-Likelihood and Lower Bounds

Lower bound on log-likelihood (DDPM, 2020)

LVLB

= Eq(x0:T)

[
log

q(x1:T|x0)

pθ(x0:T)

]
= Eq

[
log

∏T
t=1 q(xt|xt−1)

pθ(xT)
∏T

t=1 pθ(xt−1|xt)

]
= Eq

[
− log pθ(xT) +

T∑
t=1

log
q(xt|xt−1)

pθ(xt−1|xt)

]
= Eq

[
− log pθ(xT) +

T∑
t=2

log
q(xt|xt−1)

pθ(xt−1|xt)
+ log

q(x1|x0)

pθ(x0|x1)

]
= Eq[DKL(q(xT|x0) ∥ pθ(xT))︸ ︷︷ ︸

LT

+

T∑
t=2

DKL(q(xt−1|xt, x0) ∥ pθ(xt−1|xt))︸ ︷︷ ︸
Lt−1

− log pθ(x0|x1)︸ ︷︷ ︸
L0

]

(14)

January 5th, 2023 17/37
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Algorithm Log-Likelihood and Lower Bounds

Lower bound on log-likelihood (DDPM, 2020)

• Let’s label each component in the variational lower bound loss separately:

LVLB = LT + LT−1 + · · ·+ L0

where LT = DKL(q(xT|x0) ∥ pθ(xT))

Lt = DKL(q(xt|xt+1, x0) ∥ pθ(xt|xt+1)) for 1 ≤ t ≤ T − 1
L0 = − log pθ(x0|x1)

(15)

• Every KL term in LVLB (except for L0) compares two Gaussian distributions and
therefore they can be computed in closed form.

• LT is constant and can be ignored during training because q has no learnable
parameters and xT is a Gaussian noise. Ho et al. 2020 models L0 using a separate
discrete decoder derived from N (x0;µθ(x1, 1),Σθ(x1, 1)).

January 5th, 2023 18/37
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Algorithm Multiplying Distributions, and Computing Posteriors

Multiplying Distributions, and Computing Posteriors (2015)

• Tasks such as computing a posterior in order to do signal denoising or inference of
missing values requires multiplication of the model distribution p(x0) with a second
distribution, or bounded positive function r(x0):

p̃(x0) ∝ p(x0)r(x0) (16)

• Costly and difficult for many techniques (e.g. VAE, GSNs, NADEs, and most
graphical models)

• However, under a diffusion model, it is straightforward since the second distribution
can be treated either as a small perturbation to each step in the diffusion process, or
often exactly multiplied into each diffusion step.

January 5th, 2023 19/37
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Algorithm Multiplying Distributions, and Computing Posteriors

Multiplying Distributions, and Computing Posteriors: Results (2015)

The perturbed reverse diffusion kernel
• for Gaussian distributions:

p̃(xt−1|xt) = N
(

xt−1;µθ(xt, t) + Σθ(xt, t)
∂ log r(x)

∂x

∣∣∣∣
x=µθ(xt,t)

,Σθ(xt, t)
)

(17)

• for the perturbed Bernoulli: next slide.

January 5th, 2023 20/37
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Algorithm Multiplying Distributions, and Computing Posteriors

Key equations in the paper (2015)

Here it denotes µθ as fµ, Σθ as fΣ and bθ as fb for 3 parameterized functions.

January 5th, 2023 21/37
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Parameterization and Training

Let’s see the parameterization of DDPM

• Sohl-Dickstein et al. (2015) give perturbed equations for both Gaussian and Binomial
distributions, but no specific algorithm.

• Ho et al. (DDPM, 2020) give a specific parameterization with detailed and simple
enough training and sampling (generating) algorithms.

• Most following works are based on DDPM.

January 5th, 2023 23/37
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Parameterization and Training Forward Process

Forward Process and LT

• Recall each component in the variational lower bound loss:

LVLB = LT + LT−1 + · · ·+ L0

where LT = DKL(q(xT|x0) ∥ pθ(xT))

Lt = DKL(q(xt|xt+1, x0) ∥ pθ(xt|xt+1)) for 1 ≤ t ≤ T − 1
L0 = − log pθ(x0|x1)

(18)

• We ignore the fact that the forward process variances βt are learnable by
parameterization;

• And instead, fix them to constants (see next Section for details).
• Thus, in our implementation, the approximate posterior q has no learnable parameters
• so LT is a constant during training and can be ignored.

January 5th, 2023 24/37
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Parameterization and Training Reverse Process

Reverse Process and L1:T−1

• Recall the KL divergence of 2 Gaussian p.d.f:

DKL(p∥q) = Ep[log
p
q ]

= log
σ2
σ1

+
σ2

1 + (µ1 − µ2)2

2σ2
2

− 1
2

(19)

• We deparameterize Σθ(xt, t) = σ2
t I. Both choices of σ2

t = βt or β̃t had similar results.
• And then the parameterized Lt becomes (ignore the constant term while training):

Lt−1 = Ex0,ϵ

[ 1
2∥Σθ(xt, t)∥2

2
∥µ̃t(xt, x0)− µθ(xt, t)∥2

]
= Ex0,ϵ

[ 1
σ2

t
∥ 1
√
αt

(
xt −

1− αt√
1− ᾱt

ϵt
)
− 1

√
αt

(
xt −

1− αt√
1− ᾱt

ϵθ(xt, t)
)
∥2
] (20)

January 5th, 2023 25/37
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Parameterization and Training Reverse Process

Reverse Process: Lt

• The parameterized Lt (t from 1 to T − 1) becomes:

Lt−1 = Ex0,ϵ

[ (1− αt)2

2αt(1− ᾱt)σ2
t
∥ϵt − ϵθ(xt, t)∥2

]
= Ex0,ϵ

[ (1− αt)2

2αt(1− ᾱt)σ2
t
∥ϵt − ϵθ(

√
ᾱtx0 +

√
1− ᾱtϵt, t)∥2

] (21)

• Here we parameterize ϵθ as a function approximator intended to predict ϵt from xt.
• We verify its effectiveness in the next section (experiments) in an ablation where they
compare predicting ϵ against predicting µ̃t.
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Parameterization and Training Data scaling, reverse process decoder

Data scaling, reverse process decoder, and L0

• Assume that image data consists of integers in {0, 1, ..., 255} scaled linearly to [−1, 1],
to fit into a the standard normal prior.

• To obtain discrete log-likelihoods, set the last term of the reverse process to an
independent discrete decoder derived from the Gaussian N (x0;µθ(x1, 1), σ2

1I)

• where D is the data dimensionality and the i superscript indicates extraction of one
coordinate.

• It ensures that L0 approximates as Lt so that we can obtain µθ(x1, 1).
• There are better choices.
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Parameterization and Training Simplified training objective

Simplified training objective

• Empirically, Ho et al. (2020) found it beneficial to sample quality to train on the
following variant of the variational bound (ignoring the weight):

Lsimple(θ) = Et,x0,ϵt

[
∥ϵt − ϵθ(xt, t)∥2

]
= Et,x0,ϵt

[
∥ϵt − ϵθ(

√
ᾱtx0 +

√
1− ᾱtϵt, t)∥2

] (22)

• where t is uniform between 1 and T.
• The t = 1 case corresponds to L0 with the integral in the discrete decoder definition
approximated by the Gaussian probability density function times the bin width,
ignoring σ2

1 and edge effects.
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Parameterization and Training Final Algorithm

Final Algorithm
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Experiments
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Experiments Experiments (2015)

Experiments (2015)

• Swiss roll distributions. See in previous page.
• Heartbeat distributions, Binomial.
The log-likelihood under the true distribution: log2

1
5 = −2.322 bits per sequence.

Nearly perfect.

• Also trained on several image datasets.
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Experiments Experiments (2015)

Experiments (2015) Tables

Here are tables of K by the diffusion model for different datasets, and comparisons of
different models on the dataset of dead leaves images.
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Experiments (DDPM, 2020)

• hyper-parameters setting: T = 1000; βt increases linearly from β0 = 10−4 to
βT = 0.02.

• Constants: small relative to data scaled to [−1, 1], ensuring that reverse and forward
processes have approximately the same functional form while keeping the
signal-to-noise ratio at xT as small as possible

LT = DKL(q(xT|x0)∥N (0, I)) ≈ 10−5(bits per dimension) (23)

• U-Net backbone similar to an unmasked PixelCNN++.
• Diffusion time t is specified by adding the Transformer sinusoidal position embedding
into each residual block.

• Use self-attention at the 16 × 16 feature map resolution.
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Experiments (DDPM, 2020) Tables
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Conclusion

Conclusion

• Basic structure: Markov chain; Forward and reverse (VAE, but the forward process is
not parameterized).

• Difference: the latent code has the same size as the input; (Latent diffusion model
(2020) also proposed a compressed latent code5)

• Algorithm intuition: put on random noises then recover (denoising); No actual chain
is made.

• Paper in 2015 gives a basic structure; DDPM (2020) gives detailed algorithms.
• The high-quality generation of DDPM depends on a large T (≥ 1000), which causes

the forward process of diffusion to be very slow. In the denoising diffusion implicit
model (DDIM, 2020)6, a means of reducing diversity in exchange for faster inference
is proposed.

5Rombach et al., “High-resolution image synthesis with latent diffusion models”.
6Song, Meng, and Ermon, “Denoising diffusion implicit models”.
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